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Abstract. Let k  3 be an odd integer. In this paper we investigate all positive integer solutions of
the equations x4 kx2yCy2DA, x4 kx2yCy2DA.k2 4/; x4 .k2 4/y2D4A;
and x2  .k2 4/y4 D4A with AD.k2/: We show that if k  1.mod8/ and k2 4 be a
square-free integer; then the equation x4 kx2yCy2 D .k 2/.k2 4/ has no positive integer
solutions. Moreover, if k2   4 be a square-free integer; then the equation x4   kx2yC y2 D
 .kC2/.k2 4/ has no positive integer solutions.
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1. INTRODUCTION
Let k and s be two nonzero integers with k2C4s > 0: The generalized Fibonacci
sequence is defined by U0 .k;s/D 0; U1 .k;s/D 1; and UnC1 .k;s/D kUn .k;s/C
sUn 1 .k;s/ for n > 1 and generalized Lucas sequence is defined by V0 .k;s/ D 2;
V1 .k;s/ D k; and VnC1 .k;s/ D kVn .k;s/C sVn 1 .k;s/ for n > 1; respectively.
Moreover, generalized Fibonacci and Lucas numbers for negative subscripts are defined
as U n D  . s/ nUn and V n D . s/ nVn for n 2 N: Especially
U n.k; 1/ D  Un.k; 1/ and V n.k; 1/ D Vn.k; 1/ for every natural number
n:
In the literature, there are many papers dealing with the number of the solutions
of the equation ax4C bx2yC cy2 d D 0: In [7], the author investigated all non-
negative integer solutions of the equations x4   kx2y C y2 D 1;4; under the as-
sumption that k is even: If k ¤ 318 and k is not a perfect square, then all non-
negative integer solutions of the equation x2  kxy2C y4 D 1 are .x;y/ D .k;1/;
.1;0/; .0;1/: If k D 338; then all positive integer solutions of this equation are
.x;y/D .13051348805;6214/; .114243;6214/: If k is a perfect square, then all pos-
itive integer solutions of this equation are .x;y/D .1;pk/; .k2 1;pk/: Moreover,
the author showed that if k D 2v2 for some integer v; then all positive integer solu-
tions of the equation x2   kxy2C y4 D 4 are .x;y/ D .2;p2k/; .2k2   2;p2k/:
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Otherwise, the only nonnegative integer solution of this equation is .x;y/ D .2;0/:
In [2]; wherein the author investigated all positive integer solutions of the equation
x2   kxy2C y4 D c for c 2 f1;2;4g, with the assumption that k is odd for
the particular cases c D 1 or 4: He showed that the equation x2  kxy2C y4 D 4
has no positive integer solutions. Moreover, he showed that if y D k2 for some odd
integer k; then the only integer solution of the equation x2 kxy2Cy4D 1 is y D 1:
Otherwise, all positive integer solutions of this equation are y D 1 or k: Moreover,
he showed that the equation
x2 kxy2Cy4 D 1 (1.1)
has no integer solutions when k D 3: Otherwise, the only integer solution of the
equation (1.1) is y D 1: In addition, he showed that the equation
x2 kxy2Cy4 D 4 (1.2)
has a solution only when k D 3 or 6: If k D 3, then all positive integer solutions of
equation (1.2) are given by .x;y/D .2;2/ or .10;2/: If kD 6, then all positive integer
solutions of equation (1.2) are given by .x;y/D .1;1/; .5;1/; .29;13/ or .985;13/:
Let k be an odd integer. In this paper, firstly, we solve the equations x2 D
Vn.k; 1/Vn 1.k; 1/ and x2DUn.k; 1/Un 1.k; 1/; respectively. We show
that if k  3.mod8/; then the equation x2 D Vn.k; 1/CVn 1.k; 1/ has no solu-
tions and if k  1.mod8/; then the equation x2 D Vn.k; 1/ Vn 1.k; 1/ has no
solutions: Lastly, we find all positive integer solutions of the following equations
x4  .k2 4/y2 D 4.kC2/;
x4  .k2 4/y2 D 4.k 2/;
x2  .k2 4/y4 D 4.kC2/;
x2  .k2 4/y4 D 4.k 2/;
x4 kx2yCy2 D .k 2/;
and
x4 kx2yCy2 D kC2:
We show that if k 1.mod8/; then the equation x4 .k2 4/y2D 4.k 2/ has no
integer solutions. Moreover, if k2 4 is square-free, then we investigate all positive
integer solutions of the equations
x4 kx2yCy2 D .k2 4/.k 2/
and
x4 kx2yCy2 D .k2 4/.kC2/:
We show that if k  1.mod8/ and k2   4 is square-free; then the equation x4  
kx2yCy2 D .k  2/.k2  4/ has no positive integer solutions. Moreover, if k2  4
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is square-free; then we show that the equation x4 kx2yCy2 D  .kC 2/.k2  4/
has no positive integer solutions. Let
 
a
b

represent Jacobi symbol. Then
a2
k

D 1
for every a 2Z: Moreover, we have 1
k

D 1 if and only if k  1;5.mod8/; (1.3)

2
k

D 1 if and only if k  1;7.mod8/; (1.4)
and  2
k

D 1 if and only if k  1;3.mod8/: (1.5)
2. PRELIMINARY RESULTS
From now on,  represents a perfect square. Now we give the following lemma
from [5].
Lemma 1. Let k be odd. If Vn.k; 1/D for some natural number n; then nD 1
and k is a perfect square.
The following two theorems are given in [3].
Theorem 1. Let k  3 be an odd integer. If Vn.k; 1/ D k for some natural
number n; then nD 1:
Theorem 2. Let k  3 be an odd integer. If Vn.k; 1/D q for some q j k with
q > 1 and n 1; then nD 1:
The following theorem is given in [6].
Theorem 3. Let n 2N[f0g;m;r 2Z; and m be a nonzero integer. Then
U2mnCr  Ur.modUm/; (2.1)
U2mnCr  . 1/nUr.modVm/; (2.2)
V2mnCr  Vr.modUm/; (2.3)
and
V2mnCr  . 1/nVr.modVm/; (2.4)
where Un D Un.k; 1/ and Vn D Vn.k; 1/:
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When k is odd, it is seen that V2r  7.mod8/ and thus  1
V2r

D 1 (2.5)
for r  1: It can be easily seen that
kC1
V2r

D

k 1
V2r

D 1 (2.6)
for r  1: Moreover, it can be shown that if k  1;7.mod8/; then
kC2
V2r

D 1 (2.7)
and 
k 2
V2r

D
  1 if k  1;7.mod8/;
1 if k  3.mod8/: (2.8)
From now on, instead of Un.k; 1/ and Vn.k; 1/; we will write Un and Vn; respect-
ively. The following seven theorems are given in [4].
Theorem 4. Let k  3 be an integer and kC 2 be not a perfect square: Then
all positive integer solutions of the equation x2   kxyC y2 D kC 2 are given by
.x;y/D .UnC1CUn;UnCUn 1/ with n 1:
Theorem 5. Let k  3. Then all positive integer solutions of the equation x2 
kxyCy2 D .k 2/ are given by .x;y/D .UnC1 Un;Un Un 1/ with n 0:
Theorem 6. Let k  3 an integer and kC 2 be not a perfect square. Then all
positive integer solutions of the equation x2  .k2  4/y2 D 4.kC 2/ are given by
.x;y/D .VnCVn 1;UnCUn 1/ with n 1:
Theorem 7. Let k  3 an integer and kC2 be a perfect square. Then all positive
integer solutions of the equation x2  .k2  4/y2 D 4.kC 2/ are given by .x;y/D
.
p
kC2Vn 2;Un 2/ with n 1:
Theorem 8. Let k  3: Then all positive integer solutions of the equation x2 
.k2 4/y2 D 4.k 2/ are given by .x;y/D .Vn Vn 1;Un Un 1/ with n 1:
Theorem 9. Let k  3 an integer and k2   4 be square-free: Then all positive
integer solutions of the equation x2   kxyC y2 D  .kC 2/.k2   4/ are given by
.x;y/D .VnC1CVn;VnCVn 1/ with n 0:
Theorem 10. Let k  3 an integer and k2   4 be square-free: Then all posit-
ive integer solutions of the equation x2 kxyCy2 D .k  2/.k2  4/ are given by
.x;y/D .VnC1 Vn;Vn Vn 1/ with n 1:
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3. SOME THEOREMS AND LEMMAS
From now on, we will assume that n 0 and k  3 is odd.
Lemma 2. If k  3.mod8/; then

k2 k 1
V2r

D 1:
Proof. An induction method shows that
V2r 

k 1.modk2 k 1/ if r is even,
 k.modk2 k 1/ if r is odd.
Let r be even. Then we obtain
k2 k 1
V2r

D . 1/

k2 k 2
2

V2r 1
2

V2r
k2 k 1

D

k 1
k2 k 1

D

2
k2 k 1

.k 1/=2
k2 k 1

D . 1/ .k
2 k 1/2 1
8 . 1/

k2 k 2
2

.k 34 /

k2 k 1
.k 1/=2

D . 1/
  1
.k 1/=2

D . 1/. 1/k 34 D 1:
Let r be odd. Then we have
k2 k 1
V2r

D . 1/

k2 k 2
2

V2r 1
2

V2r
k2 k 1

D
  k
k2 k 1

D
  1
k2 k 1

k
k2 k 1

D . 1/k
2 k 2
2 . 1/

k2 k 2
2

.k 12 /

k2 k 1
k

D
 1
k

D . 1/.k 12 / D 1:

Since the proof of the following lemma is easy, we omit it.
Lemma 3. V2r 

k.modk2Ck 1/ if r is even,
 k 1.modk2Ck 1/ if r is odd.
By using the above lemma, we can give the following lemma.
Lemma 4. If k  1;5.mod8/, then

k2Ck 1
V2r

D 1:
Theorem 11. Let k  1;5;7.mod8/: If the equation x2 D VnCVn 1 has a solu-
tion, then n D 0 or 1. If k  3.mod8/; then we have two solutions .n;k/ D .3;3/,
.3;43/.
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Proof. Assume that x2 D VnCVn 1 for some positive integer x: Firstly, let k 
1;5;7.mod8/ and n > 2: We divide the reminder of the proof into four cases:
Case 1: Assume that nD 4q 1 with q > 0: Then nD 2 2ra 1 with a odd and
r  1: By (2.4) and (2.3), it follows that
x2 D VnCVn 1  .V 1CV 2/ .k2Ck 2/.modV2r /
and
x2 D VnCVn 1  V 1CV 2  k2Ck 2 2.modU2/:
The above congruences give
 .k2Ck 2/
V2r

D 1 and   2
k
 D 1: Since   2
k
 D 1,
we obtain k  1;3.mod8/ by (1.5): Since k  1;5;7.mod8/; it follows that k 
1.mod8/: By (2.6), (2.5), and (2.7), we get
1D
 .k2Ck 2/
V2r

D
  1
V2r

kC2
V2r

k 1
V2r

D . 1/ 1 1D 1;
a contradiction.
Case 2: Assume that nD 4q with q  1. Then nD 2 2ra with a odd and r  1:
By (2.4), we get
x2 D VnCVn 1  .V0CV 1/ .kC2/.modV2r /:
This shows that
 .kC2/
V2r

D 1: Then by (2.5), it follows that
 .kC2/
V2r

D
  1
V2r

kC2
V2r

D . 1/

kC2
V2r

D 1; i.e.,

kC2
V2r

D 1. Moreover, since
x2 D V4qCV4q 1  V0CV 1  kC2 2.modU2/;
we obtain

2
U2

D   2
k
 D 1: By (1.4), we get k  1;7.mod8/: Then by (2.7), it
follows that

kC2
V2r

D 1; which contradicts the fact that

kC2
V2r

D 1:
Case 3: Assume that nD 4qC1 with q > 0: Then nD 2 2raC1 with a odd and
r  1: By (2.4) and (2.3), it follows that
x2 D VnCVn 1  .V1CV0/ .kC2/.modV2r /
and
x2 D V4qC1CV4q  V1CV0  kC2 2.modU2/:
Both the congruences above give
 .kC2/
V2r

D 1 and

2
U2

D   2
k
D 1: Then by (1.4)
and (2.7), we have a contradiction.
Case 4: Assume that nD 4qC2 for some q > 0: Then nD 2 2raC2 with a odd
and r  1: By (2.4) and (2.3), it follows that
x2 D VnCVn 1  .V2CV1/ .k2Ck 2/.modV2r /
and
x2 D VnCVn 1  V2CV1  2.modU2/:
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These show that
 .k2Ck 2/
V2r

D 1 and   2
k
 D 1: Since   2
k
 D 1, we obtain k 
1;3.mod8/ by (1.5): It follows that k 1.mod8/ since k 1;5;7.mod8/: By (2.6),
(2.5), and (2.7), we get
1D
 .k2Ck 2/
V2r

D
  1
V2r

kC2
V2r

k 1
V2r

D . 1/ 1 1D 1;
a contradiction. Thus we get n  2: If n D 2; then we obtain x2 D V2C V1 D
k2Ck 2: The case that k D 2 is impossible since k  3: Thus we get nD 0 or 1.
Now, assume that k  3.mod8/: Let nD 6qC r with 0 r  5: Then we get
Vn D V6qCr  Vr.modU3/
by using (2.3). Since 8 jU3; it follows that Vn Vr.mod8/ with 0 r  5 and since
k  3.mod8/; it can be easily seen that Vn V0;V1;V2;V3;V4;V5 2;3;7.mod8/:
Then we obtain x2 D Vn C Vn 1  5;2;1.mod8/: Since x2  0;1;4
.mod8/; we get r D 3 or 4:
Assume that r D 3: Then nD 6qC3 with q  0: Let q be odd. Then by (2.4), it
follows that
x2 D VnCVn 1 D V6qC3CV6qC2  .V3CV2/ V2  .k2 2/.modV3/:
Since V3 D k.k2 3/; we obtain
x2  .k2 2/ k2C2 1.modk2 3/:
This is impossible since k
2 3
2
 1.mod4/:
Let q be even and q > 0. Then nD 6qC3D 2 2raC3 with a odd and r  1: By
(2.4), it follows that
x2 D VnCVn 1 D V22raC3CV22raC2
 .V3CV2/ .kC2/.k2 k 1/.modV2r /:
This shows that
 .kC2/.k2 k 1/
V2r

D 1: However, this is impossible since .kC2/.k2 k 1/
V2r

D
  1
V2r

kC2
V2r

k2 k 1
V2r

D . 1/. 1/. 1/D 1
by (2.5), (2.7), and Lemma 2. If q D 0, then we get x2 D V3CV2 D k3Ck2 3k 
2: But the integer points on Y 2 DX3CX2 3X  2 are easily determined by using
MAGMA [1] to be .X;Y /D . 2;0/; . 1;1/; .3;5/; .2;2/; .43;285/: Then it
follows that k D 3 or 43:
Now, assume that r D 4: Then n D 6qC 4 with q  0: Thus we can write n D
6.qC1/ 2D 6t  2 and therefore,
VnCVn 1 D V6t 2CV6t 3  .V3CV2/ V2  .k2 2/.modV3/:
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Since V3 D k.k2 3/; we obtain
x2  .k2 2/ k2C2 1.modk2 3/:
This is impossible since k
2 3
2
 1.mod4/. 
Theorem 12. Let k  3;5;7.mod8/: If the equation x2 D Vn Vn 1 has a solu-
tion, then nD 1 or 2: Moreover, if k  1.mod8/; then the equation x2 D Vn Vn 1
has no solutions.
Proof. Let k  3;5;7.mod8/: Assume that x2 D Vn   Vn 1 for some positive
integer x: Let n > 2: We divide the reminder of the proof into four cases:
Case 1: Assume that nD 4q 1 with q > 0: Then nD 2 2ra 1 with a odd and
r  1: By (2.4) and (2.3), it follows that
x2 D V4q 1 V4q 2  .V 1 V 2/ k2 k 2.modV2r /
and
x2 D V4q 1 V4q 2  V 1 V 2  2.modU2/:
These show that

k2 k 2
V2r

D 1 and   2
k
 D 1: Since   2
k
 D 1, it follows that k 
1;7.mod8/ by (1.4): Since k  3;5;7.mod8/; we get k  7.mod8/: Then by using
(1.4) and (2.8), we obtain
1D

k2 k 2
V2r

D

k 2
V2r

kC1
V2r

D . 1/ 1D 1;
a contradiction:
Case 2: Assume that nD 4q with q  1: Then nD 2 2ra with a odd and r  1:
By (2.4), we get
x2 D V4q  V4q 1  .V0 V 1/ k 2.modV2r /:
This shows that

k 2
V2r

D 1: On the other hand, by using (2.3), we obtain
x2 D V4q  V4q 1  V0 V 1  kC2 2.modU2/;
which implies that
 
2
k
 D 1: Then it follows that k  1;7.mod8/ by (1.4): Since
k  3;5;7.mod8/; we have k  7.mod8/: Then by (2.8), we get

k 2
V2r

D  1;
which contradicts the fact that

k 2
V2r

D 1:
Case 3: Assume that nD 4qC1 with q > 0: Then nD 2 2raC1 with a odd and
r  1: By (2.4) and (2.3), it follows that
x2 D V4qC1 V4q  .V1 V0/ .k 2/.modV2r /
and
x2 D V4qC1 V4q  V1 V0  2.modU2/:
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These show that
 .k 2/
V2r

D 1 and   2
k
 D 1: Since   2
k
 D 1; it follows that k 
1;3.mod8/ by (1.5). Since k  3;5;7.mod8/; we get k  3.mod8/: Then by (2.5)
and (2.8), we obtain  .k 2/
V2r

D
  1
V2r

k 2
V2r

D 1;
which contradicts the fact that
 .k 2/
V2r

D 1:
Case 4: Assume that nD 4qC2 with q > 0: Then nD 2 2raC2 with a odd and
r  1: By (2.4) and (2.3), it follows that
x2 D V4qC2 V4qC1  .V2 V1/ .k2 k 2/.modV2r /
and
x2 D V4qC2 V4qC1  V2 V1  2.modU2/:
The above congruences give
 .k2 k 2/
V2r

D 1 and   2
k
D 1: Since   2
k
D 1; it fol-
lows that k  1;3.mod8/ by (1.5): Since k  3;5;7.mod8/; we get k  3.mod8/:
Then by using (1.4), (2.5), and (2.8), we obtain 1 D
 .k2 k 2/
V2r

D  1
V2r

k 2
V2r

kC1
V2r

D  1; a contradiction. Therefore, n  2: If n D 0; then we
have x2 D V0 V 1 D 2 k; which is impossible. So, we get nD 1 or 2:
Now, assume that k  1.mod8/: Let nD 6qC r with 0  r  5: Then by using
(2.3), we get
Vn D V6qCr  Vr.modU3/:
Since 8 j U3; it follows that Vn  Vr.mod8/ with 0  r  5: Moreover, since k 
1.mod8/; it can be easily seen that Vn  V0;V1;V2;V3;V4;V5  2;1;7;6.mod8/:
Then we get x2 D Vn Vn 1  1;6;7.mod8/: It can be seen that r D 0 or 4:
Assume that r D 0. Then nD 6q with q  0: Let q be odd. Then it follows that
x2 D Vn Vn 1 D V6q  V6q 1  .V0 V 1/ k 2.modV3/
by (2.4). Since V3 D k.k2 3/, we obtain
x2  k 2.modk2 3/;
which implies that x2  k 2

mod k
2 3
2

: Therefore,

k 2
.k2 3/=2

D 1: Since k 
1.mod8/; we get k
2 3
2
 3.mod4/: These show that
1D

k 2
.k2 3/=2

D . 1/.k 32 /

k2 5
4

.k2 3/=2
k 2

D . 1/

2
k 2

k2 3
k 2

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D . 1/ 1 

1
k 2

D 1;
a contradiction. Let q be even. Then nD 6qD 2 2ra with a odd and r  1: By (2.4),
it follows that
x2 D Vn Vn 1 D V22ra V22ra 1  .V0 V 1/ k 2.modV2r /:
This shows that

k 2
V2r

D 1; which is impossible by (2.8).
Now, assume that r D 4: Then n D 6qC 4 with q  0: We can write n D 6.qC
1/ 2D 6t  2: Let t be odd. Then it follows that
x2 D Vn Vn 1 D V6t 2 V6t 3  .V 2 V 3/ V2  .k2 2/.modV3/
by (2.4). Since V3 D k.k2 3/, we obtain
x2  .k2 2/ 1.modk2 3/;
which shows that x2 1

mod k
2 3
2

:But this is impossible since k
2 3
2
 3.mod4/:
Let t be even. Then nD 6t  2D 2 2ra 2 with a odd and r  1: It follows that
x2 D Vn Vn 1 D V22ra 2 V22ra 3
 .V 2 V 3/ .k 2/.k2Ck 1/.modV2r /
by (2.4). This shows that

.k 2/.k2Ck 1/
V2r

D 1: Then by (2.8) and Lemma 4, we
obtain 
k 2
V2r

k2Ck 1
V2r

D 1;
which contradicts the fact that

.k 2/.k2Ck 1/
V2r

D 1: This completes the proof. 
Theorem 13. If the equation x2 D UnC1CUn has a solution, then nD 0 or 1:
Proof. Assume that x2 D UnC1CUn for some positive integer x: Now, assume
that n > 2: We distinquish four cases:
Case 1: Assume that nD 4q 1 with q > 0: Then by (2.1), we get
x2 D U4qCU4q 1  U0CU 1  1.modU2/:
This shows that
  1
k
D 1: Then it follows that k  1;5.mod8/ by (1.3):
Let q D 3u 1 with u > 0: Then nD 12u 5: By using (2.1), we obtain
x2 D U12u 4CU12u 5  U 4CU 5  k 3.modU3/:
Since 8 jU3; we get x2  k 3.mod8/. Moreover, since k  1;5.mod8/; it follows
that x2  2;2.mod8/; which is impossible.
Let q D 3u with u > 0: Then nD 12u 1: Here, we get
x2 D U12u 1CU12u  U 1CU0  1.modU3/
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by (2.1). Since 8 j U3; it follows that x2  1.mod8/; which is impossible.
Let q D 3uC1 with u 0: Then nD 12uC3: Here, we obtain
x2 D U12uC4CU12uC3  U4CU3  U4  k.modU3/
by (2.1). Since 8 j U3; it follows that x2   k.mod8/. Moreover, since k 
1;5.mod8/, we obtain x2  1; 5.mod8/: However, this is impossible.
Case 2: Assume that nD 4q with q  1: Then nD 2 2ra with a odd and r  1:
By (2.2), we get
x2 D U4qC1CU4q  .U1CU0/ 1.modV2r /;
which is impossible by (2.5).
Case 3: Assume that nD 4qC1 with q > 0: Then nD 2 2raC1 with a odd and
r  1: By (2.2), we get
x2 D U4qC2CU4qC1  .U2CU1/ .kC1/.modV2r /:
This shows that
 .kC1/
V2r

D 1: Since
  1
V2r

D 1 and
 .kC1/
V2r

D
  1
V2r

kC1
V2r

;
it follows that

kC1
V2r

D 1: This is impossible by (1.5).
Case 4: Assume that nD 4qC2: Then nD 2 2raC2 with a odd and r  1: By
(2.1), we obtain
x2 D U4qC3CU4qC2  U3CU2  1.modU2/;
i.e.,
  1
k
D 1: It follows that k  1;5.mod8/ by (1.3): On the other hand, by (2.2),
we get
x2 D U4qC3CU4qC2  .U3CU2/ .k2Ck 1/.modV2r /:
This shows that
 .k2Ck 1/
V2r

D 1: Since
 .k2Ck 1/
V2r

D
  1
V2r

k2Ck 1
V2r

D 1 and  1
V2r

D 1; we have

k2Ck 1
V2r

D 1: This is impossible by Lemma 4. Therefore,
n  2: If nD 2; then x2 D U3CU2 D k2Ck  1, which shows that k D 1: This is
impossible since k  3: Thus we get nD 0 or 1: 
Since the proof of the following theorem is similar to that of above theorem, we
omit its proof.
Theorem 14. If the equation x2 D UnC1 Un has a solution, then nD 0 or 1:
4. MAIN THEOREMS
Now, we consider positive integer solutions of some fourth-order Diophantine
equations.
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Theorem 15. Let kC2 be not a perfect square. If kC1 is a perfect square, then
all positive integer solutions of the equation x4  kx2yCy2 D kC 2 are given by
.x;y/D .pkC1;1/; .pkC1;k2Ck 1/; .1;kC1/: If kC1 is not a perfect square,
then the only positive integer solution of this equation is .x;y/D .1;kC1/.
Proof. Assume that x4 kx2yCy2 D kC2 for some positive integers x and y:
Then by Theorem 4; we obtain x2 D UnC1CUn; y D UnCUn 1 or x2 D UnC
Un 1; y D UnC1CUn with n > 0: Let x2 D UnC1CUn: Then it follows that nD 0
or 1 by Theorem 13. Since n > 0; we have n D 1. Then we have x2 D UnC1C
Un D U2CU1 D kC 1 and y D U1CU0 D 1: If kC 1 is a perfect square, then
it follows that x DpkC1 and y D 1: Now, let x2 D UnCUn 1: Then we obtain
n  1 D 0 or 1 by Theorem 13: Assume that n D 1: Then x2 D U1CU0 D 1 and
y D U2CU1 D kC1: Thus we have x D 1 and y D kC1: Now, assume that nD 2:
Then we get x2 D U2CU1 D kC 1 and y D U3CU2 D k2C k  1: If kC 1 is a
perfect square, then it follows that x DpkC1 and y D k2C k  1: Thus if kC 1
is not a perfect square, then this equation has no positive integer solutions. Then the
proof follows. 
Theorem 16. If k   1 is a perfect square, then all positive integer solutions of
the equation x4 kx2yCy2 D  .k  2/ are given by .x;y/D .1;1/; .pk 1;1/;
.
p
k 1;k2  k  1/, .1;k  1/: Moreover, if k  1 is not a perfect square, then all
positive integer solutions of this equation are given by .x;y/D .1;1/ or .1;k 1/.
Proof. Assume that x4 kx2yCy2 D .k 2/ for some positive integers x and
y: Then by Theorem 5; we obtain x2 D UnC1 Un; y D Un Un 1 or x2 D Un 
Un 1; yDUnC1 Un with n 0: Let x2DUnC1 Un: Then it follows that nD 0 or
1 by Theorem 14: Assume that nD 0. Then we have x2DUnC1 UnDU1 U0D 1
and y D U0 U 1 D 1: Thus we have x D 1 and y D 1: Now, assume that n D 1:
Then we get x2 D U2  U1 D k   1 and y D U1  U0 D 1. If k   1 is a perfect
square, then it follows that x Dpk 1 and y D 1: Now, let x2 D Un Un 1: Then
we obtain nD 1 or 2 by Theorem 14: Assume that nD 1: Then x2 D U1 U0 D 1
and y D U2 U1 D k   1: Thus we have x D 1 and y D k   1: Now, assume that
nD 2: Then we get x2 D U2 U1 D k 1 and y D U3 U2 D k2 k 1: If k 1
is a perfect square, then it follows that x Dpk 1 and y D k2 k 1: Thus if k 1
is not a perfect square, then this equation has no positive integer solutions other than
.1;1/ and .1;k 1/. 
Theorem 17. If k  1;5;7.mod8/; then the equation x4  .k2 4/y2D 4.kC2/
has a solution if and only if kC2 is a perfect square. Moreover, if k  1;5;7.mod8/
and kC2 is a perfect square, then the only positive integer solution of this equation is
.x;y/D .pkC2;1/: If k 3.mod8/, then the equation x4 .k2 4/y2D 4.kC2/
has positive integer solutions only when k D 3 or 43.
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Proof. Assume that x4  .k2 4/y2 D 4.kC2/ for some positive integers x and
y: Firstly, let k  1;5;7.mod8/ and kC2 be not a perfect square. Then by Theorem
6, it follows that x2 D VnCVn 1 with n  1: Therefore, by Theorem 11, it is seen
that n D 0 or 1: Since n  1; we get n D 1: Then it follows that x2 D kC 2: But
this is impossible since kC 2 is not a perfect square. Let k  1;5;7.mod8/ and
kC 2 be a perfect square. Then by Theorem 7, it follows that x2 D pkC2Vn 2:
Therefore, we obtain Vn 2.
p
kC2; 1/D;pkC2 or a with a j pkC2: If
Vn 2.
p
kC2; 1/ DpkC2 or a with a j pkC2, then it follows that n D 3
by Theorem 2 and Theorem 1. Then it can be seen that x DpkC2 and y D 1: If
Vn 2.
p
kC2; 1/D; we have nD 3 and kC 2 is a perfect square by Lemma 1:
Thus if kC 2 is a perfect square, then we obtain x DpkC2 and y D 1: Now, let
k  3.mod8/: Then kC2 is not a perfect square and it follows that k D 3 or 43 by
Theorem 6 and Theorem 11. When kD 3; we get the solution .x;y/D .5;11/: When
k D 43; we get the solution .x;y/D .285;1891/: 
Theorem 18. If kC1 is not a perfect square, then the only positive integer solution
of the equation x2  .k2 4/y4 D 4.kC2/ is .x;y/D .kC2;1/. Moreover, if kC1
is a perfect square, then all positive integer solutions of this equation are given by
.x;y/D .k2Ck 2;pkC1/ or .kC2;1/.
Proof. Assume that x2  .k2 4/y4 D 4.kC2/ for some positive integers x and
y: Then by Theorem 6, it follows that x D VnCVn 1; y2 D UnCUn 1 with n > 0:
Therefore, by Theorem 13, we have n D 1 or 2: Let n D 1: Then it follows that
xDV1CV0D kC2 and y2DU1CU0D 1: Therefore, we obtain .x;y/D .kC2;1/.
Let nD 2. Then it is seen that xD V2CV1D k2 2Ck and y2DU2CU1D kC1:
If kC1 is a perfect square, then we obtain x D k2Ck 2 and y DpkC1: 
Theorem 19. Let k  3;5;7.mod8/: If k D 3; then all positive integer solutions
of the equation x4  .k2  4/y2 D  4.k  2/ are given by .x;y/D .2;2/; .1;1/. If
k ¤ 3 and k   2 is a perfect square, then the only positive integer solution of the
equation x4  .k2 4/y2 D 4.k 2/ is .x;y/D .pk 2;1/. If k ¤ 3 and k 2 is
not a perfect square, then this equation has no positive integer solutions.
Proof. Assume that x4   .k2   4/y2 D  4.k   2/ for some positive integers x
and y: Then by Theorem 8; we obtain x2 D Vn   Vn 1 and y D Un  Un 1 with
n > 0: Since k  3;5;7.mod8/ and x2 D Vn Vn 1; it follows that n D 1 or 2 by
Theorem 12: Let nD 1: Then we have x2 D V1 V0 D k 2 and y D U1 U0 D 1:
If k   2 is a perfect square, then we obtain .x;y/ D .pk 2;1/. Otherwise this
equation has no solutions. Let nD 2: Then it follows that x2D V2 V1D k2 2 k
and y D U2 U1 D k 1: Since x2 D k2 k 2; we get 4x2 D 4k2 4k 8; i.e.,
.2k 1/2  .2x/2 D 9: This shows that k D 3: Hence, we get x D 2 and y D 2: 
Theorem 20. Let k  1.mod8/: Then the equation x4  .k2 4/y2 D 4.k 2/
has no integer solutions.
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Proof. Assume that x4   .k2   4/y2 D  4.k   2/ for some positive integers x
and y: Then by Theorem 8; we obtain x2 D Vn Vn 1 and y D Un Un 1: This is
impossible by Theorem 12. 
Theorem 21. If k 1 is not a perfect square, then the only positive integer solution
of the equation x2  .k2 4/y4D 4.k 2/ is .x;y/D .k 2;1/. Moreover, if k 1
is a perfect square, then all positive integer solutions of the equation x2   .k2  
4/y4 D 4.k 2/ are given by .x;y/D .k2 2 k;pk 1/, .k 2;1/.
Proof. Assume that x2  .k2 4/y4D 4.k 2/ for some positive integers x and
y: Then by Theorem 8; we obtain x D Vn Vn 1 and y2 D Un Un 1 with n > 0:
Therefore, by Theorem 14, it follows that nD 1 or 2: Let nD 1: Then we have x D
V1 V0D k 2 and y2DU1 U0D 1: Therefore, .x;y/D .k 2;1/. Now, let nD 2.
Then it follows that x D V2 V1D k2 2 k and y2DU2 U1D k 1: Therefore,
if k   1 is a perfect square, then it follows that .x;y/ D .k2   k   2;pk 1/ is a
solution. 
Theorem 22. Let k 1;5;7.mod8/ and k2 4 be square-free: Then the equation
x4 kx2yCy2 D .kC2/.k2 4/ has no positive integer solutions.
Proof. Assume that x4   kx2yC y2 D  .kC 2/.k2   4/ for some positive in-
tegers x and y: Then by Theorem 9; we obtain x2 D VnC1C Vn;y D VnC Vn 1
or x2 D VnCVn 1;y D VnC1CVn with n  0: Let x2 D VnC1CVn: Since k 
1;5;7.mod8/, we obtain nC1D 0 or 1 by Theorem 11: Since n  0; we get nD 0:
Then we have x2 D V1CV0 D kC2 and y D V0CV 1 D kC2: This is impossible
since k2  4 is square-free. Let x2 D VnCVn 1: Then by Theorem 11, we obtain
nD 0 or 1: Thus it follows that x2D V0CV 1D V1CV0D kC2. This is impossible
since k2 4 is square-free. 
From Theorem 9 and Theorem 11, we can give the following theorem.
Theorem 23. Let k  3.mod8/ and k2   4 be square-free. Then the equation
x4 kx2yCy2 D .kC2/.k2 4/ has no positive integer solutions.
Theorem 24. Let k 3;5;7.mod8/ and k2 4 be square-free: Then the equation
x4  kx2yC y2 D .k   2/.k2  4/ has positive integer solutions only when k D 3
and in which case all positive integer solutions are given by .x;y/D .2;1/; .1;4/ or
.2;11/:
Proof. Assume that x4 kx2yCy2D .k 2/.k2 4/ for some positive integers x
and y: Then by Theorem 10;we obtain x2DVnC1 Vn; yDVn Vn 1 or x2DVn 
Vn 1; y D VnC1 Vn with n  1: Assume that x2 D VnC1 Vn: Then by Theorem
12, we obtain nC1D 1 or 2: Since n  1; we get nD 1: Then it follows that x2 D
V2   V1 D k2   k   2 and y D V1   V0 D k   2: Since x2 D k2   k   2; we get
4x2 D 4k2 4k 8; i.e., .2k 1/2  .2x/2 D 9: Thus it follows that k D 3: Then it
can be seen that .x;y/D .2;1/:Now, assume that x2D Vn Vn 1: Then by Theorem
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12, it follows that n D 1 or 2: Let n D 1: Then we get x2 D V1 V0 D k   2 and
y D V2 V1D k2 2 k: Thus k 2 must be a perfect square. But this is impossible
in the case that k > 3: Let k D 3: Then we obtain x D 1 and y D 4: Let nD 2: Then
we obtain x2 D V2 V1 D k2  k   2: It can be shown that k D 3: Then we have
.x;y/D .2;11/. This completes the proof. 
From Theorem 10 and Theorem 12, we can give the following theorem.
Theorem 25. Let k  1.mod8/ and k2   4 be square-free. Then the equation
x4 kx2yCy2 D .k 2/.k2 4/ has no positive integer solutions.
5. ACKNOWLEDGEMENT
Thanks to The Scientific and Technological Research Council of Turkey (TU¨BI˙TAK)
for support and assistance.
REFERENCES
[1] W. Bosma, J. Cannon, and C. Playoust, “The MAGMA algebra system I. The user language,” J.
Symbolic Comput., vol. 24, no. 3–4, pp. 235–265, 1997, doi: 10.1006/jsco.1996.0125.
[2] J. H. E. Cohn, “Twelve Diophantine Equations,” Arch. Math., vol. 65, no. 2, pp. 130–133, 1995,
doi: 10.1007/BF01270690.
[3] R. Keskin, “Generalized Fibonacci and Lucas Numbers of the form wx2 and wx2˙ 1;,” Bull.
Korean Math. Soc., vol. 51, no. 4, pp. 1041–1054, 2014, doi: 10.4134/BKMS.2014.51.4.1041.
[4] R. Keskin and M. Gu¨ney Duman, “Positive integer solutions of some second-order Diophantine
Equations,” An. S¸tiinCuza Ias¸i. Mat., (accepted), 2017.
[5] P. Ribenboim and W. L. McDaniel, “The square terms in Lucas sequences,” J. Number Theory,
vol. 58, no. 1, pp. 104–123, 1996, doi: 10.1006/jnth.1996.0068.
[6] Z. S¸iar and R. Keskin, “Some new identities concerning generalized Fibonacci and Lucas numbers,”
Hacet. J. Math. Stat., vol. 42, no. 3, pp. 211–222, 2013, doi: 10.1142/S1793042115500517.
[7] G. Walsh, “A note on a theorem of Ljunggren and the Diophantine equations x2 kxy2Cy4 D
1;4,” Arch. Math., vol. 73, no. 2, pp. 119–125, 1999, doi: 10.1007/s000130050376.
Authors’ addresses
Refik Keskin
Sakarya University, Mathematics Department, TR 54187 Sakarya, Turkey
E-mail address: rkeskin@sakarya.edu.tr
Merve Gu¨ney Duman
Sakarya University, Mathematics Department, TR 54187 Sakarya, Turkey
E-mail address: merveguneyduman@gmail.com
